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Embedding a graph into the line

Embedding a graph to R

Say we wish to embed a graph G to the reals. How should we go
about it? Connected vertices should be close, so we can express
this as minimizing

xTLx =
∑
uv∈E

(x(u)− x(v))2,

where x is the embedding.

Question

What is the obvious issue with this suggestion?
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Embedding a graph into the line

Embedding a graph to R

So we normalize so that the points in x are not too concentrated
around any point.

∀p ∈ R
∑
v∈V

(x(v)− p)2 ≥ 1.

Question

What can we say about p?
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Embedding a graph into the line

Embedding a graph to R

So we normalize so that the points in x are not too concentrated
around a point.

∀p ∈ R
∑
v∈V

(x(v)− p)2 ≥ 1.

p = Evx(v) = uTx

where u = 1
n · 1. By shifting, we may as well assume uTx = 0.
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Embedding a graph into the line

Embedding a graph to R

Hence, we want to minimize xTMx subject to uTx = 0 and
‖x‖2 = 1.

Question

Who is x?
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One dimensional artwork

Examples

Figure: 20-vertex path graph embedded into R.

Figure: 20-vertex cycle graph embedded into R.
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One dimensional artwork

Examples

Figure: Depth-4 complete binary tree embedded into R.
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One dimensional artwork

Examples

Figure: Third-dumbbell embedded into R.
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One dimensional artwork

Examples

Figure: 5-clique embedded into R.
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One dimensional artwork

Examples

Figure: Degree 2 plus symmetrization random graph embedded into R.
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One dimensional artwork

My modest code



Graph Drawing using the Laplacian

Embedding a graph into the plane

Drawing a graph on the plane

Moving to two dimensions, we now wish to find a pair x, y ∈ Rn

that minimizes ∑
uv∈E

∥∥∥∥(x(u)

y(u)

)
−
(
x(v)

y(v)

)∥∥∥∥2
2

(1)

subject to uTx = uTy = 0 and ‖x‖ = ‖y‖ = 1.

(1) = xTLx + yTLy

Question

What other condition you would suggest we include?

This is precisely Hall’s idea.
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Embedding a graph into the plane

A lower bound

Theorem

Let L be a Laplacian matrix. For k ≥ 1 let x1, . . . , xk be
orthonormal vectors that are all orthogonal to 1. Then,

k∑
i=1

xTi Lxi ≥
k+1∑
i=2

λi .
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Embedding a graph into the plane

Some room for the proof
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Embedding a graph into the plane

Examples
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Two dimensional artwork

Examples

Figure: 20-cycle embedded into R2.
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Two dimensional artwork

Examples

Figure: 20-vertex path embedded into R2.



Graph Drawing using the Laplacian

Two dimensional artwork

Examples

Figure: 20-vertex star graph embedded into R2.
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Two dimensional artwork

Examples

Figure: Depth-4 complete binary tree embedded into R2.
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Two dimensional artwork

Examples

Figure: 20-vertex clique embedded into R2.
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Two dimensional artwork

Examples

Figure: 20-vertex random graph (degree 2 symmetrized) embedded into
R2.
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Three dimensional artwork

Going 3D!

Figure: 20-cycle embedded into R3.
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Three dimensional artwork

Going 3D!

Figure: 20-vertex path embedded into R3.
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Three dimensional artwork

Going 3D!

Figure: Depth-4 complete binary tree embedded into R3.
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Three dimensional artwork

Going 3D!

Figure: Who am I?
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Three dimensional artwork

My modest code
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